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Abstract 

It is well known that every finite subgroup of automorphism group of polyno¬ 
mial algebra of rank 2 over the field of zero characteristic is conjugated with a 
subgroup of linear automorphisms. We prove that it is not true for an arbitrary 
torsion subgroup. We construct an example of abelian p-group of automorphism 
of polynomial algebra of rank 2 over the field of complex numbers, which is not 
conjugated with a subgroup of linear automorphisms. 
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0.1 Introduction 

In the present paper we consider the polynomial algebra Pn = k[xi,X2, ■ ■ ■, x„], and free 
associative algebra An = k{xi, X2, ■ ■ ■, Xn) with free generators Xi,X2, ■ ■ ■ ,Xn over the held 
k. We assume that these algebras contain unit elements. We will use symbols Ant Pn 
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State University (Russian Federation government grant 14.Z50.31.0020), RFBR-14-01-00014, RFBR- 
13-01-00513 and Indo-Russian RFBR-13-01-92697. 
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and Ant to denote gronps of fc-antomorphisms of these algebras, i. e. antomorphisms 
which £x elements of k. It is well known PQ, that the gronp Ant P 2 is isomorphic to the 
gronp Ant A 2 . Let Pn = k[[xi,X 2 , ■ ■ ■ ,a:n]] be the algebra of the formal power series in 
commntative variables. The following inclnsions evidently holds 

Pn P Pn, Ant Pn C Ant Pn- 

In the theory of antomorphisms of algebra Pn the following problem is well known 
(see the snrvey 0): Is it trne that every antomorphism from Ant of finite order is 
conjngated with linear antomorphism in Ant P„? Corresponding qnestion for involntions 
was formnlated in |3l Qnestion 14.68]. The case of involntions is interesting becanse of 
its connection with the Cancelation Problem (see for example [1]). 

For n = 2 and the held /c = C of complex nnmbers the answer is positive, and it 
follows from the resnlt of van der Knlk [3] that the gronp Ant P 2 is a free prodnct with 
amalgamation. For snbgronps of Ant P 2 more general resnlt is known: every hnite snb- 
gronp is conjngated with the snbgronp of linear antomorphisms. P. M. Cohn [7j stndied 
algebras over the finite held and proved that every finite snbgronp of antomorphism 
gronp of A 2 is conjngate with snbgronp of linear antomorphisms if the characteristic of 
the held does not divide the order of the snbgronp. As reviewer noted this resnlt was 
hrstly proved in [S]. Unfortnnately, this pnblication is not available for wide range of 
readers. 

On the other hand, we know examples of hnite snbgronps of Ant P3, which are not 
conjngated with snbgronps of linear antomorphisms (for example, dihedral gronp of order 
8m for m > 3) [6]. H. Kraft and G. Schwarz [2l p. 61] have formnlated the following 
qnestion: is there exists a commntative (rednctive) snbgronp of Ant P„, which is not 
conjngated with snbgronp of linear antomorphisms? 

M. A. Shevelin |9] constrncted an example of inhnite torsion snbgronp of antomor¬ 
phism gronp of free Lie algebra of rank 3 over the complex held, which is not conjngated 
with snbgronp of linear antomorphisms. Using this idea we prove the following assertion. 

Theorem 0.1 Let p be a prime number. There are an uncountable set of pairwise non- 
conjugated subgroups of the group AntP 2 , which are isomorphic to the guasi-cyclic p- 
group Cpoo and which are not conjugated with subgroups of linear automorphisms. 

We are greatfnll to all the participants of the scientihc seminar “Evariste Galois” 
(Novosibirsk State University) for the nsefnl discnssions. Also, we thank anonymons 
reviewer for helpfnl notes. 

0.2 Quasi-cyclic subgroups 

Thronghont the paper we nse the held of complex nnmbers C as the main held. Every 
antomorphism G Ant Pn is completely determined by its action on the generators. 
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therefore we identify automorphism xjj with the vector {xfyX ^,... i. e. 

V’ = ixf,xt,...,xt). 

Let p be a hxed prime number. Recall (see, for example, [ini 1.2.5, 2.4.10]) that a 
quasi-cyclic p-group Cpoo is the set of all complex solutions of the equations x^" = 1, 
u = 1, 2,... with natural multiplication. Group Cpoo is an inhnite abelian p-group, such 
that every proper subgroup of it is cyclic. Let us denote 

Gp = {(axi, ax2) I a G Cpoo}. 

It is obvious that Gp is a subgroup of linear automorphisms in Aut P 2 and it is isomorphic 
to C pOO . 

We will prove that there exits other embedding of Cpoo into the group Aut P 2 . To do 
it consider a formal power series 

00 

^ ^ Qfc Wfc, '^k ^2 

k=0 


in the algebra P 2 . Then the map a : P 2 —> P 2 , which is dehned by the equality 


a= \ xi + ^akWk, X2 

k=0 


is an automorphism of P2. If there are only a hnite number of non-zero coefficients ak 
here, then a is an automorphism of the algebra P2- 
Consider the subgroup 

Gp = a~^ Gp a 

of the group Aut P2. Let us show that Gp lies in the group Aut P2, i. e. it is a subgroup 
of automorphism group of P2. Really, let an automorphism ip = {axi,ax2), a G Cpoo 
belongs to the group Gp. Conjugating it by automorphism a we have an equality 

( 00 

axi + a ttk (1 — ) tCfc, 

fc=0 

Here and further we assume that automorphisms act from the left to the right. Since 

k 

a G Cpcxi we see that for sufficiently large number ko all the coefficients 1 — oP , k = 
fco, ^0 + 1, ■ ■ ■ are equal to zero and hence a~^ipa G Aut P2. 

By construction, the group is conjugated with the group Gp in the automor¬ 
phism group Aut P 2 of the formal power series P2. Let us hud out the question about 
conjugation of Gp with some subgroup of linear automorphisms in the group AutP 2 - 
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Proposition 0.2 If an automorphism 


( OO 

Xl + X 2 

k =0 

is defined by infinite number of non-zero eoefficients Ok, then is not conjugated with 
any subgroup of linear automorphisms. 

Proof. Let if be a subgroup of linear automorphisms, which is conjugated with 

i. e. 

e-^G;9 = H, 

for some 9 G Aut P 2 . With no loss of generality we assume that H belongs to the group of 
diagonal automorphisms, therefore the last equality means that for every automorphism 
ip = {axi,ax2) there exists an automorphism h = (01X1,02X2) G H, 01,02 G Cpoo, such 
that the following equality holds 

(p'^9 = 9h. (1) 

Suppose that 9 = (/i,/ 2 ), where the polynomials fi = /i(xi,X 2 ) and /2 = f 2 {xi,X 2 ) 
have degree mi an m 2 correspondingly. Since these polynomials generate the algebra P2, 
then mi > 0 and m 2 >0. It is not difficult to see that the equality ([I]) is equivalent to 
the system 

CX) 

0/1 + O ^ Ok (1 - O^ ) fl = /l(oiXi, O2X2), o/2(xi, X2) = /2(aiXi, O2X2). 

k =0 

If we write the first equality in the following form 

OO 

o^Ofc (1 - aP"") ff^^ = /i(01X1,02X2) - 0/1, 

k =0 

then we see that the right hand side of it has the degree, which is less or equal to mi. 
But taking different o, we can get an arbitrary large degree of the left hand side of this 
equality. Hence, the equality ([T]) is impossible. The proposition is proved. 

0.3 On conjugation of quasi-cyclic subgroups 

In this section we will prove the following proposition. 

Proposition 0.3 There exist an uncountable set of subgroups whieh are pairwise 
non-conjugated in AutP 2 - 
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Let 


a = 


Xi + '^ttk Wk,X2 
k =0 


b = 


Xi 




'k Wk,X 2 


k =0 


ttk, G C, fc = 0,1, 2,... be two automorphisms of P 2 , which are not automorphisms of 
P 2 , i. e. each of them contains an inhnite number of non-zero coefficients. Let us hnd 
out are the subgroups Gp and Gp conjugated in AutP 2 - 

Let 6 be such an automorphism of P 2 , that the following equality holds 

6~^{a~^(pa)6 = b~^(pb for all (p G Gp. 

This equality is evidently equivalent to the following equality 

= 0{b~^p)b). (2) 

Suppose that the automorphism 9 acts on the generators of P 2 by the following way 

Xi = fliXi,X2), xl = f2iXi,X2). 

Then the equality ([2]) is equivalent to the system 

00 

cyxi (y. E Ofc (1 - aP'^)wk 

k =0 


= (ax^Y = 


which can be rewritten by the following way 


«/i + « (1 - = fi [axi + a YX=o ^k (1 - Wk, 0 x 2 ^ , 

(3) 

a /2 = /2 (axi a Y1 T=o ^k (1 - aP'“) Wk, 0 x 2 ) , 


k 

By the choice of a, the following equalities holds 1 — =0 for enough large k. Hence, 

the system of equations ([3]) is the system of equalities in the algebra P 2 . 

If the polynomial /2 contains the variable xi^ then it is decomposed by the powers of 

Xi 

S 

/2 = ^Cj(x2) Xj, Cj{x2) G C[X2]. 

j =0 


Then 


/2 axi + a'^bkil - a^’^) Wk, ax2 


k =0 


^ 9 ( 0 x 2 ) 

j =0 


cxxi (y E bk (1 

k =0 



j 
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and since a G Cpoo is arbitrary, then the degree of the right hand side with respect to X 2 
can be arbitrarily large. Hence, /2 does not contain xi, i. e. /2 = / 2 (a^ 2 ) ^ C[x 2 ]. Since 
9 is an antomorphism, then 


/2 — /3x 2 + /3 G C*, /^o £ C, 

and the hrst eqnality of ([3]) has the following form 

afi{xi,X2) + a (1 ~ (/^^2 + = 

/ k \ 

= /i f axi + a (1 - Wk, 0x2 j • 

Since 9 = {fi, ( 3 x 2 + /do) we see that 

fi = 7 x 1 + g{x 2 ), 7 e C*, g E C[x 2 ]. 

Then the eqnality (jl]) has the form 

a(7Xi + g{x2)) + a ~ (/^^2 + = 

= 7 ^axi + a ^k (1 - Wfcj + g{ax 2 ). 

or eqnivalently 

00 

ag{x2) - g{ax2) + a ^(1 - a^'^) [ak{(3x2 + = 0. 

k =0 

Since the degree of g{x 2 ) is bonnded and there exist an inhnite nnmber of non-zero 
coefficients and b^, then the following equalities hold for some number which is 
large enough 

afc/d^'+' = 6fc, k>ko. 

If it is not true, then there is no automorphism 9 of P 2 such that 

9~^{a~^ipa)9 = b~^^pb. 

Thus we have proved that if the sequences {a^} and {6^} satisfy the inequality 

afc/d^'+' ^ bk 

for an infinite set of indexes k and for an arbitrary (3 E C*, then the subgroups and 
Gp are not conjugated in AutP 2 - 

To finish the proof of the proposition we have to prove that there exist an uncountable 
set of such sequences. 
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Denote by 


D — {A — (Ai, A 2 , A 3 ,...) I Aj G {0,1}} 

the set of all infinite binary sequences. The set D evidently contains an uncountable set 
of different sequences. Furthermore, the following lemma is true 

Lemma 0.4 There exists an uncountable subset Dq C D, which posses the following 
property: for any two sequences \, n G Dq inequality \k 7 ^ f^k holds for an infinite 
number of indexes k E N. 

Proof. If we dehne the following relation on the set P 

A ~ /i -v^ A and p, different only on hnite number of places, 

then it is not difficult to see that this relation is equivalence relation and hence, divides 
the set P onto equivalence classes. Moreover, every equivalence class contains only count¬ 
able number of elements and then the number of equivalence classes P/~ is uncountable. 
The transversal set with respect to relation ~ is the necessary subset Pq. 

It follows from this lemma, that there is an uncountable set of subgroups G“, which 
are pairwise non-conjugated in AutP 2 • It completes the proof of Proposition 2. 

Now the main theorem follows from the propositions 1 and 2. 

We have found a sufficient condition when subgroups and are not conjugated 
in Ant P 2 - 

Question 0.5 Find necessary and sufficient conditions when subgroups Gp and Gp are 
conjugated in Ant P 2 . 
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